ЛАБОРАТОРНАЯ РАБОТА 14.

РЕШЕНИЕ ЗАДАЧ ОПТИМИЗАЦИИ НА ГРАФАХ
Цель работы: Изучить способы решения задач оптимизации на графах.
Порядок выполнения работы.

1. Изучить теоретические сведения.

2. Получить задание у преподавателя.

3. Исследовать способы решения задач оптимизации на графах.
4. Сделать выводы по результатам исследований.

5. Оформить отчет.

Требования к отчету.

1. Цель работы.

2. Постановка задачи.

3. Результаты исследования решения задач оптимизации на графах.
4. Выводы.

Теоретические сведения. 
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Anropurmbl noncka nyrem

B namHo#l riaBe ONHECHBAEGTCA HECKOJIBKO AJTOPHTMOB IOHCKA IIyTel
ONTHMAILEHX B TOM WJIH HHOM cMmeicie. B pasn. 3.1 omucam anropurm
IIOMCKA KpaTdaiiliero myTH, COCNUHAIOMEro 1Be BheJeHHbe BePIINHEL
mexomHoro rpada. B pasp. 3.2 paccMaTpmBaOTCA aNTOPHETMEI MOMCKA
Kpardafimmero mMyT# MeKAY KUK mMapoi BepIIHH MCXOAHOTO rpada.
B pasz. 3.3 o6cy:RAAI0TCA aNTOPUTMEL IONCKA Iy TEH, ABJIA OMUXCA Oep-
BHIMJ, BTOPHIMHA, TPETHUMHE U T. JI. II0 CTEHEHHU 0JIM30CTH K KpaTdaiimmum
TyTAM, OIPeedaeMEIM aITOPATMaMH IpeasAymux pasaenos. Hakonren,
B pasi. 3.4 Bce paccMaTpPEBaeMHe AJTOPATME TPAKTYOTCA Ha Golee
obmeM ypoBHE.

3.1. AnropuTm noucka Kparyauwiero nyTu

Kampoii gyre (z, y) ncxogaoro rpaga G IoCTaBEM B COOTBETCTRHE THCIIO
a(z, y). Ecna B rpade G orcyTcTByer HeROTOPAA AyTa (I, ), HONOMKHEM
a(z, y) =oo. ByneM HaswBarh 9mCIO a{z Y) AMuHOE Ayru (z, y), XoTA
a(z, y) MOKHO TAaK’Ke,WHTePIPETHPOBATH KAK COOTBETCTBYIOMIEE 3a-
TpaThl WX COOTBETCTBYIOINMI BeCOBOH KodpPunuenT. Onpegenum JIHRY
OyTH KAk CYMMY /JIAH OTHEJdbHHX AYT, COCTABIAKNHIUX 3TOT OyTh.
* Jlasa m00HX ABYX BepIIWH § B { rpaga G MOTYT CymecTBOBATH He-
CKOJIBKO IiyTeil, COSqUHAMUX BepPHIMHY s ¢ BepmuHOH /. B gamnom
pasjgene OyjeT paccMOTpPeH AaJrOPHTM, KOTODHIA ompejenseT TaKOH
NyTh, BeAyIUiA N3 BEPIIHHH § B BePIIUHY £, KOTOPHA IMEET MEHEMAN b~
HO BO3MOJKHYIO JJIAHY. JTOT OYyTh HA3HBAaeTCA Kpamuaiiueum nymem
MKy BepUIIAHAMY ¢ W .

IIPUMEP 1. llperuoioxum, 970 BH X0THTe HpoexaTh u3 Bocroma B Jloc-
Anmxellec, WCOONL3YA MATHCTPANbHLIE IHOCCeiiHble JOPOTH, COeUHAION[HE
pasauganle mTaThl. Hak BuI6paTh KpaTdadmuii Mapmpyr?

Hoctpoiite rpad, BepmMnHEH KOTOPOT0 COOTBETCTBYIOT TOYKAM COEXUHEHHS
paccMarpuBaeMux fopor. Ilyers kaskmas pyra rpada COOTBeTCTBYeT IMIOCCeH-
HO [{0pOre, COEMUHAIOINEN IYHKTH, IIPeACTaBIeHHEE COOTBETCTBYIOINAMH Bep-
mugaMu. IIyeTh gamEa AYTH OnOpefeldAercs AJIUHOH (B KuIOMeTpaX) COOTBETCT-
ByIODere ydacTka pgoporm. Temepb 3ajata NOHCKA ONTHUMAJBHOIO Mapmpyra
nBuKeHUs Meskny BocromoM u Jloc-AHmelecoM MOKeT OBITH CBefleHa K Bajade
OTHICKAHMA B TOCTPOeHHOM rpade KpaTialiliero IyTH Me/KAY BepIIMHAME, COOT-
BeTcTBYOmuME BocTOHY, OTKyaa Bel maum@aeTe IyTellecTBHe, U Jloc-AHNelecy,
Cfe Bamle IyTeIecTBIEe BAKARIUBAETCH.
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HPUMEP 2. Ilaccasxup obpamaerca 3a ycIyraMH K HEKOTOpoill asha-
xommaruu. OH KejaeT MONacTb Bo3gywHLM nyTem u3 Copumrdumiapa (mr. K-
aumoiic) B croauny Typumu AHRapy, NpPOBeid B BO3AYyXe KaK MoKHO MeHbINE
BpeMeHH, TOCKOILKY IOJeT Ha €aMoJleTe€ BLBHBaeT Yy HETO YYBCTBO CTpaxa.
Kaxoit MapmpyT B JaHHOM clydae JAOKHA OPeNIOMKUTL ABHAKOMIAHUS nac-
casRupy?

Yrofbl pPemuTs 3TOT BONPOC, HeoOXOAMMO IOCTPOUTHL HEKOTOPHE Ipad.
Bepmunms 91010 rpada IpeficTaBdAlT aspOLOPTHl, depe3 KOTOpbie MOMeT Hpo-
XORUTE MapmpyT nodera or COPHETI(RIAA Mo AHKApPH, a AYTM COOTBETCTBYIOT
nojeTaM MeXAY oUpefeldeHHHME asponopramu. JlImHOll Kasmod Oyru cilefyer
CYNTATL BpPeMA COOTBeTcTBYmero neiera. Telleph aBUakOMIIaHMH HeoOXOXHMO
03HAKOMHTHCA ¢ HOCHEYIOmEM MaTepHaxoM gaEEOro pasfela. Ilociae usydsenms
3TOr0 MaTepHajJa CTaHeT NOHATHO, KaK HafiTH B NOCTPOeHHOM Ipade KpaTdalimmui
IyTh, COEMMHAIMUN BeplIuHb, coorBerciBylomue CopumTduiazy m ABkape,

HPHMEP 3. llpegnonao:XmM, 4To BaM HeOOXOJHMO MMETh B CBOEM paclo-
psUKeHUH aBTOMOOHIb Ha NPOTA/KeHHN OMWKaHMmX NgTH JeT A0 BHXOAA Ha
NEHCHI0. B HacTOAMUH MOMeHT liMeeTcs GoJbLIIOH BHOOp aBTOMOOWMIeH, KOTO-
PHe BEI MOKeTe JHU00 KyHHTH, 60 B3ATH HaODOKAT. ABTOMOOMIHM HMEIOT pas-
AWYEHe CPOKH SKCIUIYaTallW U PasHYK CToMMOcThb. HakuM ofpasom Bl Joi-
JKHBI CffeslaTh BEHGOP B Takod cnryaumn?

IpefcTaBEM MOMEHTH BPeMeHH BOSMOMKHEIX CEJIOK Ha OXMmKaimui NATH-
JNeTHAR noepnopg, CBA3AHHBIX C HOKyHKOﬁ BRI UCHOJb30BAHUEM HaﬂpOKaT aBTO-
MOOWIIA, BepmnHAMH HekoToporo rpada. (A yupomeHHsA B KaIeCTBE MOMeH-
TOB BpeMEeHM cIeOK MOMKHO PacCMAaTPHBATH JUIID MepPBEe JHA KaKA0r0 MeCAa.)
M3o6pasumM B RanaoM Tpade $parT npuobpeTeHns aBpToMOOUIA AyToH, coeMHAI0-
mell BepMIMHY, COOTBETCTBYIONIIYI0O MOMEHTY NOKYIKH RMJIK HA4ajly HCIOAB3O0-
BaHUA HANDPOKAT, ¢ BepMWHOH, €OOTBETCTBYKINEeH MOMEHTY OKOHYaHHA CPOKa
cay0n HAH HCUOJAL30BAaHMA Hanpokar asroMmobuas. Ilyers pamma kampol
AYIH MOCTPOEHHOrO Tpada cOBIAZAET CO CTOHMOCTHIO COOTBETCTBYIONEH C/lefiKM.,
Hauny4qmee cogeranune pernenuil, IPUHATHX B, TedeHHe PacCMATPHBAEMOTO IATH-
JeTHET0 MepHOAa, AC/KHO COOTBETCTBOBATH KpaTgaimeMy DYTH B TIOCTPOCHHOM
rpade Me:RAY BepIIUHOM, HpeACTaB/aiomed HavalbBHi MOMEHT, ¥ BepIIWHOH,
O0TODpaameil MOMEHT YXOAa Juna, IPHEHNMAOMEro pellleHNsA, HA NeHCHIO.

IIPHMEP 4. TlpescrauM cebe ciefyomyw® cuTyannio. HoMMuBosxep
naaEupyer Hoe3dky m3 BocToma B Jloc Ammxenec. llexs noespk:m — moceme-
Hile OfHOF0 M3 OCHOBHHX KJHeHToB. HomMuBomKep cofmpaeTcsa BOCHOAL30BATh-
cA TOW jHe GHCTeMoll MaTHCTPaJbHLIX MOCCeHHBIX AOPOr, KoTopad QATYpHApOBaIa
B npuMepe 1. IlomuMo ocHOBHON Lielm HOe3XKM KOMMHBOKEpP HIaHEPYeT Hoce-
MeHMe T APYTAX TYHKTOB, PacUloJIoMeHHNX HA UyTdA B3 Bocroma B Jloc-Angske-
Iec, Tie pasMemaloTca NPYTHe ero XazZeRTH. Ilpm 9T0M KOMMHEBOS:Kep UPEOAR-
3UTENBHO 3HAET, KaKyK CyMMY KOMHCCHOHHHKX OH 3apaboTaeT mOC/e BOZMOMHOM
BCTPOYM ¢ KaMJHM H3 KakeHToB. Haxoi MapmpyT moespru u3 Bocrona B Jloc-
Appxenec clepyer BHOpPATH KOMMEMBOSKeDY?

B paccmaTpuBaeMoM cayuae MIMHOM KKAOH fYTH B rpade, UpefcTaBiIAw-
meM pacCMaTpUBaeMyI0 CHUCTeMy MAarucTPadbHEIX HNIOCCeHHHX MOPOr, Clefyer
€IUTATL O'KUAAEMYI0 «YHCTYI0 CTOMMOCTHY Ipoe3ffa (TPAHCHOPTHEE 3aTPATH 3a
BHYETOM OKHJaeMOH CyMMH KOMHCCHOHHEIX) IO ONpefleIeHHOMY YYacTKY HaH-
HO# cHcTeMir popor. Temeph MOMKHO CKa3aTh, YTO KOMMMBOSKED HOJIJKEH €XaTh
00 MAapmpyTy, COOTBETCTBYIOMEMY KpaTuaiimeMy HyTH B TOCTPOeHHOM Ipade
Me)Kny BepmuEamE «BoctoE» m «Jloc-AHIKedec».

OfparaTe BHHMaHNe Ha TO, 9YTO B paccMaTpPHBaeMOM HpHMepe CTOAMOCTH,
XaparTtepHsywomue IYTH, GYEyT OTpHUATelbHHIME AJIA TeX YIacTKOB Mapmpy-
Ta, HA KOTOPHX KOMMUBOAKEp OKH[AeT DOJYYUTh NPUOHIb, H MOJOMHTEIb-
HBIME JlIg TeX YYacTKOB, IJ® OH OKEAACT CTONKHYTBHCSA ¢ MaTePHATbHHIMI
morepamu. (3aMeTEM, wro B mpuMepe 1 3arpaTil OLIINM HeOTPHIATeNbHEIMU.)
HMamee M yBEANM, 9T0 B KaKEOH M3 3THX ABYX cuTyauuil He00XORUMO MCHONL-
80BaTh pasAndEBle AJrOPHTMH PelleHHA 3aJaYA O KpargadmeMm UyTd.
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OPUMEP 5. MelKkni BKIaf4uK peUTaeT BOINPOC 0 1elecOOGPA3HOM pas-
MeIlegMi CBOEr0 KalhTada B clefyiomed roay. OH pacmolaraeT HeKOTOpHIM
mafopoM BAapUAHTOB BO3MOMKHOTO Pa3MemIeHHA (MOKeT HOJOKHTL AeHLIM Ha
cOeperaTelbHYI0 KHIUKKY, BJIOMKHTEH CPeJCTBA B HAeUO3MTHHI cepTu(HKATr, 06-
auranus u 1. i.). Jlds ynpomenus peinonoKuM, 9T0 BRIANH MOIYT LPOH3BO-
AUTHCA WIH HU3BIMATBCA B HaYajle KaXKAoro Mecsana. IlocTaBuM B cOOTBeTCTBUe
HaJaly KaJ0ro MecAna Bepiuiiay rpada. B srom rpade wassmomy BrIagy uo-
CTaB/IeHA B COOTBeTCTBHE AYra (x, y) B TOM CJy4ae, €C/iu BRJaN OLill clellal B Me-
cAle z, & CPOR ero MCTeKAeT B MecAlle y. 3aMmeTHM, 4To YKasaHHHIL Ipad He co-
RepsKUT KOHTYPOB. IlycTs mumma xampmoli Lyru pasHa B3aToMy ¢ 0GpaTHEIM BHa-
KOM AOX0y OT COOTBErcTBYIOmMETo Braama. Hamaydmas crparterus BiIoskeHumit
Halnraia CoOTBeTCTBYeT KpaTdalilemy Ny TH (B JaHHOM cIydae IMyTH, EMEIMOMY
MaxCUMA/ILHO® OTPHUATENbHOe 3HAYEeHHe IJUHH), COEJHHAIIIEMY BEDPHIHAY Ha-
da]a W KOHLA paccMaTpuBaeMoro roga. JlaHub# IDEMeD 1MOYTH HOJHOCTHIO aHa-
JIorideH MpuMepy 3, 3a HCKIIOYeHHeM TOr0, UTO B HeM SHaYeHHsA AJHH OYT rpa-
da ABAAITCA He TWOMOKUTEIbHHIME, a4 OTPHIATENHHBIMH THCIAMI.

OnmceiBaeMEE B JAHHOM pasfene AJATOPUTM ITO3BONACT Ha XO[HUTh
B rpage KpaTYailIMil IyTh MERLY MBYMA BHIeJI€HHEIMU BepIIUHAMU §
W [ IpHU MONOKATENBHBIX JIXHAX AYT. ITOT AJITOPUTM, HPeIJI0KeHHEIA
B 1959 r. [lefikcrpoii [2], canraercs ogHmM M3 Hauboaee s(deRTEBHEIX
QJTOPUTMOB PelleHuA 3aTATHd.

I'naBnas npes, nesxaman B 0CHOBE aJroOpPHTMa JleHKcTpH, npemenas-
Ho mpocta. Ilpennonosxnm, 910 HAM H3BECTHH M BEPIIRH, GIHKARIITX
K Bepmuye s (6:1M30CTh JM060H BEPUINHE 2 K BEPUIEHE § OLIPOJeJsLeTCs
INUHOR KpaTiafimero myTH, Bexyiiero us s B z). IlycTs Takixe m3Bect-
HBI CaMH KpaTdailiime IyTH, COCJUHAIONIME BEPUIMHY S C BHeJeHHBI-
mu m sepmmHaMu'). IToxkaskem Temeps, Kax MoskeT GHTH ompegexeHa
(m -|- 1)-a 6nwxalimas K s BepurmHa.

OxpacmM Bepmmnay s @ m 6ImKAAMEX K Heil Bepmnn?). IlocTpoum
JVIA KyKIO0H HEOKPAIIeHHOH BepPINHHH y MYTH, HeMOCPEJCTBeHHO COe-
AUHAIOMES ¢ MOMOIBIO AYT (Z, ) KAKAYI0 OKPAIGHHY 0 BEPUIMHY I
¢ y. Bubepem u3 sTux nyreii kpaTIaimuii w OyneM CIMTATH €r0 yCIO0B-
HO KPaTIAMIIAM MyTeM W3 BePIINHEL s B BepIIHAY y.

Hakras ke m3 HeoKpalmleHHHX Bepmmy sBimercs (m -+ 1)-it 6am-
Maimed k s pepmmroi? Ta, mIA KoTopoit ycaoBHO KpaTYafiingid_myTh
uMeeT HanMeHBIIYI0 HAMHY. JTO 06YCIOBIMBAETCA TeM, UTO KpaTdaii-
INA# UYTh A3 BEPMUAH s B (m —-1)-10 Gamxafimryio Bepmuny mpm mo-
JIORUTETHHOM 3HAUCHHH [IJHMH BCeX YT JOJKEeH cofep/KaTbh B Kade-
CTBe MDPOMEYTOYHHX JIHWITh OKpallieHHble BePINEHH, T. ©. BepUIHHH,
BXOJAmme B 9UCJI0 m BepmuH, OamKalmux K BepUIRHE .

Wrak, ecnu ussectnrr m Gamxafmux s BepmuH, To (m -+ 1)-a
Gamwxafinias K s BepIIEHA MosKeT OEITH Haf{jeHa TaK, KaK 9T0 OIHCAHO
Briwte. Hagmuan ¢ m = 0, ommcannas Oponenypa MORET MOBTOPATHCA

1) Kparwafimum myTem us s B z camraercs HYJeBOH WyTh, He copmep:Kamnit
! nep

JZLYI‘.2I_[JIHHa 9TOr0 IyTH, eCTeCTBEHHO, NPHHHMAeTCS DPaBHOH HYJIO.
) B a’xropmtMe, ommcaEEOM B NaEHOM pasgene, Heo0XOQUMO BHAEAATH

BEPIIUHLL ¥ AVTH TOJNLKO OXHOH KaTeTOPHH, IIOATOMY aBTOD He YKaskIBaeT LBeTa
OKpacku. — Ipum. nepes.




[image: image4.png]AJIPOPHTMbI IIOUCKA IIYTER 45

/_____’————————————_——————*-———-———-———————‘

0 TeX IOP, MOKa He Gyner moayveH Kpardafmuii nyTh, Bejymuii U3
pepDIAHEL § K Beplinye 7.

Hest B BEAY OPWBEIEHHEE Eoo6pameﬂnﬂ, MEL MO}KeM Tenepb $op-
JaJdbHO OHMHCATH anropuT™ [[eHKCTPEHL.

Anroputm [edKcTpel NOMCKa KpaTyalhLero nyTH

Illaz 1. Ilepex HaganoM BLIMOJHEHHS aJrOPUTMa BCe BEPINHHH H
ayru He oxpamens. Haskaoi pepmnne B Xoxe BHIOTHERRA aJIropuTMa
11 pUCBAMBAETCA 9HCIO d(r), paBHOE JIHHEe KpaTyaiinmero oyt #3 S B T,
BRJIOYAIONIETO TOJBKO OKpAIleHHbe  BepPIIuHE.

[Hoxoxnts d(s) = 0 m d(z) = oo s Beex , OTIMIHKX ot s. OKpa-
CUTH BePIIEHY § U TONOKATh ¥ = s (j — TOCTeIHsAA U3 OKPANIeHHKX
BOPINHH).

ez 2. Jlna xakmoli HEOKpalIeHHOH BePUIMHH I CJexyHmuM o0-
pa3oM mepecunTarh BenmImHy d(x):

d(2) = min{d (2), d(y)+aly, 2)}. (1)

Ecam d(x) —oo mis BceX HeOKDALIeHHBIX BEPIIHH I, 3aKOHYHTH
NpoIeaypy AJropATMa: B HCXOAHOM rpage OTCYTCTBYIOT HYTH M3 Bep-
IUHEL § B HEOKpAUleHUbie BepIUHHK. B mpoTtusuoM clydae OXPacHTh
Ty U3 BePUIEH Z. IJA KOTOPO# Benwdnna d(r) ABJIAETCs HapMeHblIeH,
Kpome Toro, okpacuTth Iyry, Bemymyio B BEIOpaHNYIO HA JAHHOM mare
BepUIMHY Z (AJS HTOH OyTHM HOCTUTANCA MHHHAMYM B COOTBETCTBHHA C
purpasenneM (1)). Ilonomxure y = z.

Illaz 3. Ecim y = ¢, 3aKoHYUTH DPOLELYPY: KpaTdaillliui IwyTh U3
BePIIUHH § B BepuUIMHy { HaligeH (9T0 eIHACTBOHHHIA IyTh H3 § B I,
COCTABICGHHHN U3 OKPAMEHHHX AyT). B DpOTHBHOM cjydae HepeuTs
K mary 2.

OTMeTHM, UTO KOKAKH pa3, KoI#Aa OKpailnBaeTcAa HEKOTOPAas Bep-
mUHA (He cYuTag BEPIMHKN §), OKPANIHBACTCA M HEKOTOpAad Ayra, 3a-
XOffIas B NaHHY o BeplimHy. Tarum oGpasom, Ha mJobom atane ajro-
PHETMA B KQKAYI0 BepIIUHY 3aXONHT He 6ojee 4eM OfHA OKPAIICHHAA
nyra. Kpome Toro, okpanieHHsIe AYTH He MOTYT 06pa30BaTh B MCXOHOM
rpade MUKI, TAK KaK B aJTOPHTME HE MOJKET OKPAIIUBATBCA Ayra,
KOHI[eBEIe BEPIIMHK KOTOPOil yiKe okpamieHs, ClegoBaTeaIbHO, MOMKHEO
ClleaTh BHIBOA O TOM, UTO OKpaileHHhie NyTd 06pasyioT B HCXORHOM
rpae OPEEHTHPOBAHHOE [ePeBO ¢ KOPHEM B BepuImae s. JT0 [epeso
HA3HBACTCA 0PHEHTHPOBANHEIM JePeBOM Kpargaiimux myTed. Ennacrt-
BeHHHH OyTh OT BePIIEHHL § 0 J1000# BEPIIHHH I, IpHHAJIeRaNel
JlepeBy KpaTuadIiux myTel, ABJIAETCA KpaTJafiimM OyTeM MEXAy
YHABAHHKMH BepIIAHAMI. ‘

Ecam kparuaiimemy OyTH H3 BepIIMHK s B BepIIHHY I B [epeBe
KpaTdadiiux myTeil MPAHAJIEIKAT BepiNUHA Yy, TO IacThb 3TOr0 MyTH,
BAKIOYeHHAA MEKAY X 1 ¥, ABIAeTCA KpaTiaifIuM IyTeM Me;RNY STH-
Mu BepmmmHamu. JleficTBETeNbHO, ecian OB MEXY U Y CYIECTBOBAI
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foJee KOPOTRUHT IIYTh, TO YOOMAHYTHH BHIOE ITYTh ME/KAY BepPIIMHAME
s W x He MOT OBl OHTH KpaTgafiliimM.

ITockonsKy Ha BCex srTamax anroput™a [[efiKCTPH OKpalleHHEBIe
JyTu 06pasyioT B HCXOZHOM rpade OPHEHTHPOBAHHOE [EPEBO, AJTOPUTM
MOYKHO paccMaTpHBaTh Kak IpoIlefypy HapaluBaHUA OPHEHTHPOBAH-
HOTO gepeBa ¢ KopHeM B Bepummue s. Horxga B 9Toi mponeype Hapamu-
BAHHUA [JOCTUTAeTCs BEPIIMEA {, IPONELYPA MOKET OHTH OCTAHOBIEHA.

Ecoam 651 MBL X0TeJ U ONpeeNuTh KpaTyaiiliiue IyTH U3 BePOIWHLL §
BO BCe BePIIMHHI HCXOAHOTO rpada, TO HPONEAYPY Hapal{MBAHUS Je-
peBa clefoBao Ok IPOJOJKUTH 0 TeX IOP, MOKA BCe BepIMuUnbl rpada
He OHTH OB BKJIIOYEHH B OPHEHTHPOBAHHOE JePeBO KpaTdaifliuX ITy-
reii. IIpm aToM piag mexomuoro rpada 66110 6B MONTYIeHO OKPH BAOINEE
OPHEHTEPOBAHHOE fePeBO (IIPU YCJHOBHU, YTO B 3TOM rpade CORCP-RUTCA
X0Ts O8I 0fHO Taxoe gepeso). Urtax, ays Toro, 4To6n oncaHHE BHIIE
aJITOPUTM IIO3BOJIANT IIOJNYYATh e PEBO KPATYANNIUX MyTeH OT BEPUIHHBL
$ 0 BCEX OCTAIBHBIX BePUIIKH, €r0 TPeTWHA 1Iar JOJ;KeH OBIThH CKOPPEK-
THPOBAH CIEAYIOMHUM 06pasoM: €CIu BCe BePIIMHLI 0KA3BIBAIOTCA OKpa-
IIeHHBIMH, 32KOHUUTh NponeAypy (must no0ol BePIIMHE X WMEeTCH
€[MHCTBeHHBI NYTh U3 § B X, COCTOAIMWH M3 OKpPAIeHHBIX AyT, U JTOT
OyTh ABIAETCA KpaTIafiliiuM IIyTeM MEJKAY COOTBETCTBYIOMMMHU BepPIIn~
HaMH); B NPOTHBHOM CJydae mepeiiTm x mary 2,

IHPUMEP 6. Tpumenum axroputm [efikcTpst & rpady, H3o6paskeHHOMY
Ha puc. 3.1, nias HaxOmAeHNS B HeM KpaTdailluero UyTH MEKNY BOpIIMHAMH s

" i

Ilepen mepBEIM BEIIOJHeHHeM IIara 2 alTOPHTMA OKpallleHa TOJABKO Bep-
mHa s. Hpome Toro, d(s) = 0 u d(z) = oo JiIsi BCeX BepIIHE z, He COBOANa-—
mUX ¢ .

Puc. 3.1.

WMaz 2 (y = s).
d(e) =min {d (a), d(s) +a(s, a)) =min {0, 0 +4} =4
d (b) =min {d (8), d(s) +a(s, b)) =min{eo, 0 +7} =7
d(c)=min {d(c), d(s)+a(s, ¢)} = min {c0, 0 +3}) =3
d(d) = min {d(d), d(s) + a(s, d)} =min {o0, 0 -+ 00} = co
d () =min {d(2), d(s)+a(s, 1)} = min (o0, 0 - o0} = oo
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IIockoNbly peauuupa d(c) = 3 ABAsAeTCH MUHAMAUIBHOX W3 Bejnymn d(a),
d(b), d(d), d(¢ m d(t), To vepmuAa ¢ okpammBaerca. Tax ke okpammpaeTcs K
agyra (s, ¢), Kqopaa U OHpefielseT BeaninHy d(c). Tekymee Aepero KpaTdaimux
uyTeit cocTorr ma Ryr® s, c¢ (puc. 3.2, a).

WMz 3. TockONbKY BepHILEa ! OCTaeTcHd HEOKPAMERMOR, OCYImecTBIAETCH
fmepexof K nary 2.

ez 2 y = ¢).

d (a) =min { (a), d(c) +a(c, aJ} = min {
{

1

Nt
I
g o~

4,
7

00
00

W ow

+
d (b)=min d (), d{c)+a(c, b)} =min (7, 3 +
d (d) = min d (d), d(c)+a(c, d)}) = min {c0; 3 +3
d(t) =min 4 (), 4 (¢) +a(c, )} =min {00, 3 400

l

i

ITockomsKy Beuanaa d(a) = 4 ABIAETCA MYHAMaJIbHOW M3 BeJWIN& d{a),
a(b), d(d) md(t), TO BepmuHEA g oKpauMBaercd. Tax sie OKpAMINBACICA W Jiyra
(s, @), KOTO)af oupeneNdeT BeauInHy d{a). Texymee flepeBO KPATIAUMINX OyTeH
Teriepb COC'OMT M3 AYT (s, ¢) u (s, a) (punc. 3.2, 6). .

Ulae 3 TIOCKONBKY BEepIINHA { OCTAeTCH HeOKPAalleNHOH, OCYU[eCTBIACTCA
nepexox X mary 2.

Maz ! (y = a).

Prc. 3.2. Pacrymee OpHeHTHDOBAHIIO® JepeBO Kpardaiimmx nyrei.
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d (b) = min {d(b), d(a) +a(a, b)} =min {7, & +3} =7
d(d) = min {d(d), d(a)+a(a, d)} =min {6, &4 -2} =6
d(t)=min{d(t), d(a)-fa(a, 1)} =min {0, 4 + 00} =00

Iocroarky Benntmma d(d) = 6 ABIAeTcH MHHHEMAQJIBHOA 13 Bexnaun d(b,
d(d) u d(t), T0 sBepmmHa d OKpamHBaeTcA. MOMKHO CUuTaTh, UTO BeXHUMHY d(d)
ONPERENANT KAk Uyra (¢, d), Tar u ayra (a, d). Ilosromy MoxHO OKpacmTh
awobyio 13 aTEX xyT. OxpacuM, Hampumep, ayry (¢, d). Texymee fepeso KpaT-
QaHIMUX OyTed COCTOMT TemePhb M3 AYT (s, ¢), (s, a) u (s, d) (pue. 3.2, e).

lge 3. TIockONBKY BepHIMHA ¢ OCTAETCA HeOKPAMCHHON, OCYLIeCTBAAETCS
mepexon K mary 2.

Moz 2 (y = d).
d (b) = min {d(b), d(d) -} a(d, b)} =min {7, 6 + 0} =7
d(t)=min {d(¢), d(d)+a(d, )} =min {0, 6 2} =8 =

Hocrompry Beduwauna d(b) = 7 = min {d(b), d(¢)} Membine BeamguHb d(2)
TO BepunHA b OKpammBaercs. Tak jKe OKpaumMBaeTcA M ayra (s, b), xoropas
onpegensieT Besnuuny d(b). Terymee mepeno KpaTvadmux nyTeil TehHeps co-
CTOHT U3 JYT (s, ¢), (s, a), (¢, d) m (s, b) (puc. 3.2, 2).

lllaz 5. TlockoNpKy BepiIMHA ¢ OCTaeTCA HEOKPALIEHHON, 0CYmeCTBAACTCS
nepexon k mary 2.

Illae 2 (y = b).
d@) =min {d (2}, d(b)+a (b, £)} =min {8, 7 +2} =38
Urar, Bepmana ¢ makoHeN-TO OKPAIINBAETCA. BMeCTe ¢ HeX0 ORpamuBaeTca IyTa
(@, t), oupepensitonias Beruduny d(z). OKOHYATEIHHO NOCTPOSEHOE NEPEBO KpaT-
HalmmX IyTell COCTOMT U3 AYT (s, ¢), (s, a), (¢, d), (s, b) u (d, t) (puec. 3.2, 9).

Kparvafimuii myTh, coenuHAONUNA BepIINHY § ¢ LepUHMHOA £, COCTOMT M3
Ayr (s, ¢), (¢, d) u (d, #) 1 nMeeT puEy 3 + 3 + 2 — 8. DTo He eIUHCTBEHHH Ik
Kparyaifuimi OyTh MeMAy Bepliumamu s 1 ¢. IyTe, cocromamuit ms gyr (s, a),
(a, d) u (d, t), umeeT guuHY 4 4+ 2 + 2 = 8 1 TaK/Ke ABIHETCH KpaTUaiImuM
nyTeM Mespy BRepmmuamu s # . Kparwaitinnit nyrh 6ymer efUHCTBEHEBIM B TOM
clyqae, eciyu B Opouegype alropuTMa HE Pasy He BO3HWKAeT HEOAHO3HAYHOCTh
B BHOODe OKpamuBaeMoii IyTH.,

Hexoanoe mpepmososkeHWe B ajropPHTMe
JleAKCTPEL cOCTOANO B HeOTPHUIIATETBHOCTH
INHHE Oyr Hcexopuoro rpaga. K raxum pe-
3ynbTaTam OpuBOAMA OH axropury  [leit-
KCTpPBI, €CAH HEeKOTOpHle W3 JJIWH Ayl Gbuim
6n1 orpurarenasnsivu? [[1a npmMepa pacciro-
TpuM rpad, n306paskeHHEH Ha puc. 3.3. B
5ToM rpade KpaTdafimiuMm OyTeM, COefUuHAo-
UM BEPIIUNLI S U £, ABJAAETCS OYTh, COCTOA-
mui u3 gyr (s, a) u {(a, t). Jlauna sroro my-
T paBia 2—2 = (. Unratenb moaer Jerko yGOXUTBCA B TOM, 970
aaropur™ [lefircTpn, Gyayum mpuMeHeH K rpady, H306paKeHHOMY
Ha puc. 3.3, omuGoYHO yKaXKET B KAYeCTBE KPATIaNIIEr0. UYTh, CO-
crofAmuil us Ayru (s, ). Takum o6pazom, Her HUKaKoH TapaHTHI,
qro aaroparm JledkeTps Gyner HaXomuTh KpaTuaifmmit nyTh B CIAY-
9aAX, KOTAa MIHEBL AyT MOTYT OHITH OTPHIATENBHBIMEH (Kak 3To,
KCTATH, EMEET MeCTo B Ipmmepax 4 u 5).

Pnc. 3.3.
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K cuacteio, anropat™ [eiikcrps MoseT GuTh o6obmen Ha cayyaii,
KOTJ[4 HeKOTOpEE M3 AYr MMeloT orpuiarenpHsie anues. Mupes coor-
pereTBylomero obobmenms mpupamieskatr ®opay [5]. Heobxomumas
monapuKanua aaropurmMa JefKCTPH COCTOMT B CJISTYIOmEM:

1. Ha mare 2 anropuTMa nepecdeT BeJqwuui d(z) ¢ IOMOmbBIO-
coorHonieHmA (1) mpomsBoguTCA A BCEeX BEDPUIHH, a He TOJIBLKO AJNA
neoxpamernnx. Clefgosarensno, wucaa d(x) MOTYT yMEHBIIATBHCA KaK
n7iA HEOKPANTEHHHX, Tak M [JIT OKPAIleHHHX BepHIRH.

2. Ecaim pnd HeKOTOpo# OKpalleHHONW BEePIIHHEL T HPOUCXOIHAT
YMEHBIICHUE BeIUIHHEI d(z), To ¢ DTO#f BepHIMHH M HHIMACHTHOH eil
OKpalIeHHOH qyIru OKPAacKa CHAMAaeTCH.

3. Ilpomexypa anaropuTMa B3aKaHYHABAeTCH TOJNBKO TOTHA, KOrja
BCe BePIUHHBI OKPAIeHH W KOTHA HOCTe BHIONIEHUS mara 2 HN OJHO
n3 qucen d(x) He MeHseTCS.

O6ocrosanue moduguyuposarnnozo ascopumma JHelikempw (aszo-
pumma @Popda). O6ocuHosarue anropurma Dopaa mposegem mo cxeMme
IOKA3aTeJbcTBa OT mporupHoro, Ilpu aToM GymeM mMeTh B BHAY, 49TO
npomenypa axropurma (oppa MoskeT GHTH OKOHYEHA  TOJBKO
nmocie TOTO, Kak [ BCeX X U i HaYWHAeT BHIIOJIHATHCA COOTHOINEHHE

d@+a(x, y)=>dy). 2

(Mnave ¢ BepmuHH y Gri1a Ovl 06A3aT€ILHO CHATA OKPACKa HA MTEpa-
n¥H, HENOCPEACTBeHHO CJeAYIOmMeH 3a HTepanmmeil, Ha KOTOpoil Gpiaa
OKpalieHa BepIuHA Z.)

Wrak, npexmoxoskuM, 4T0 Mocjke OKOHYAHUSA IPOLEAYPH &JIFOPHT-
ma Qopaa senmuamHa d(y) AN HEKOTOPOH BEPHIIMHH Y He COBIALAET ©
JUIMHOM KpaTdajiiero OyTH fo STOH BepIIWHE M3 BEpHIMHH s (ecau
B rpadie HeCKOJIBKO TAKHX BePUINH y, TO BHOMpPaerca 1Ta U3 HUX, KPaT-
Yafimmit oyTh /10 KOTOPOH 13 BePHUHE § COJeP;KUT HaUMeHEIIee YncIo
ayr). OT™MeTHM, 9TO ecam BeanuIuHA d(z) [JIS TPOU3BONBHOE BEPIUEL 2.
KOHedYHa, TO 0HA IpeficTaBiger coboll NIUHy HeKOTOPOIO MyTH, COelu-
HAOMmero Bepiuusl s u z. [losToMy Do OKOHUAHHH DpOIETYPH Alro-
pHUTMa BeamuuHa d(y) NOJIKHA COBIAMATS ¢ AIMHON HEKOTOPOTO IYTH U3
BEDIINHH § B BePIIUHY ¥, W B CHJIY CHEIAHHOTO IPEeNIOJOKeHHST JTa
BeIMUMHA [JO/RHA ITPEBHINATH [IHHY KDaTdalmero IyTH MEEIY
YKa3aHHHMU BepmuHaMuA. IlyeTs BepmmBa x ABIAETCS NpefHocienHel
BePIINHOM KpaTdaiiliero WyTu MKy s U . Ecanm Takux myreii HeCKOIb-
KO, To B KayecTBe z Gepercs Ta BepmIMHA, KPATYaimuil IyTh 10 KOTO-
pOii OT BePIIHMHE § BKJIIOYaeT HANMeHbINee YHCI0 Ayr. B cuay BuGopa
BepMEH y W z BeduinHa d(r) JOJIKHA COBIANATH € MJIHWHOM KpaTdai-
Imero OyTH U3 § Bx, 0TKyaa d(y) > d(x) + a(x, y). Opraxo nocrensee
COOTHOIIEHHe OpoTHBOpeyuT cooTHOmenmio (2). Iloayuernoe nporuso-
peame saBepmaer obocHoBaEme anropurma Poppa.

HHPHMEP 7. Tpumenum anropurm ®opma ® rpady, usobparkeHHOMY Ha
pac. 3.3.
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Ilez 1. OrpammsaeTca Bepmuma s. Iloxaraerca d(s) = 0, d(a) = m
d(t) = o0, :
flige 2 (y =5s).

d (¢) = min {d (a), d(s)+a(s, @)} =min{oo, 0 42} =2
d(t) =min{d (), d(s) +a(s, t)} =min {0, 0 +1} =1
Ilockoapkry d(f) Menbine, 9em d(e), BepuluHa ¢ OKpaluBaerca. Bmecre ¢ Heil oK-

pammnBaeTcsa pgyra (s, i), KOTOpag M COCTaBIAET TeKyIlee Mepenc KpaTyalimmx
IyTel.

Hlae 3. MlockoNbKy OKpaIIeHE He BCe BepUIHHE, flellaeTCH MepeXof K mary 2.

Mlge 2 (y = 1.

Tockonpky m3 BepIIMHEL { HE WCXOJUT HY ONHOHR AYTH, Bee TucIa d(z) Oc-
TapTca HeusMeHHHIMHA. IloaToMy OKpammBaeTCsi BepIIMHA a H BMeCTe ¢ Hel gyra
s, a). Teneps RepeBo KpaTdadmux uyTeil cocToumT M3 HIyT (s, £) u (s, a).

Illae 3. OcymecTnifgeTcsa BO3BPAT K ALy 2 ¢ TeM, 9TO6H NONKTATECA YMeHb-
AINTh 4YHcaa d(z).

lllge 2 (y = a). OnpepensioTcs:

d(t) =min {d (¢}, d(@)+a(e, ¢)} =min {1, 2 —2} =0

d (s) =min {d(s), d(a) +-a(a, s)} =min {0, 2 o0} =0

Tockoabky Benmaumma d(f) yMmensimaeres or 1 o 0, ¢ BepLIOHL ¢ H Kyru (s, t)
cHIIMaeTcA OKpacka., Temeph fepeBo Kparyadmnx nyTeil COCTOMT TOJBKO H3
AYTE (s, a). .

B nexenmom rpade ccraeTcAa HEOKpameHHOH TONHKO Offa BePIIMHA — Bep-
WHHA {. JTa BePIINHA OKPAUIMBAETCH BMecTe ¢ QIYTroit (¢, i), HOCKOILKY B Ka-
49eCTBe y HA [AHHOM Inare ¢urypapyeT a. Hepeso rparvaiiimmx myTtedl TeHeps
BKJIIOYAeT Ayru (s, a) U (a, t) :

ez 3. OcymecTBiserca odepeRHOE Bo3BpaT K mary 2.

Mlaz 2 (y = 1).

TocroabKy u3 BepHIMEEI ! He KCXOXUT HY OFHON MyrW, BeJWIWHM d(z)
He MeHAwTcA. HeokpameHHEHX BepmuE B ucxognoM rpade Her.

HMIaz 3. TockolpKy Bee BePIIHHE rpada OKaswBalOTCA OKpamleHHHIMU W HA
npefsiynieM Diare aJArOpHTMa HM OfHY H3 BelInyHH d(z) He yOaloch yMeHb-
maTh, OponeRypa ajlropurMa 3axaHdnBaercs. HpaTuailinmii nyTh M3 BepUIWHH
$ B BePOIUHY ¢ COCTOHT M3 AYT (s, @), (a, #) 1 umeer jpaupy 2 — 2 = 0,

Bo Beex qu ciryvasnx anropurv @oppa pemaer sagavy HaXOKIeHHs
kparyaiiniero nyru? OxasbiBaercs, me B0 Bcex. Auaroputm Mopra He
pemiaeT YKa3aHHOH 3a/ja9d MPH HATHIAM B HCXOAHOM Trpade KOHTYpa,
nMelnero orpuntateabryio anuay. [lelficrButenbHo, B 5TOM cayuae,
HeoTrpaHuYeHHOE YUCI0 Pa3 «IOBTOPAA» BTOT KOHTYD, MORHO HOJYUATH
OyTh €O CKOIb YTOAHO MAJIOM IO BeTWYHHe Aaunou. 1A KoMMUBOA-
7Kepa M3 mpuMepa 4 KOHTYP OTPHI{ATeNBHOH AJMHBI COOTBTCTBYET
«IPEGHIILHOMY» 3aMKHYTOMY MapliPyTy, IOBTOPAS KOTOPHIH Heorpa-
HIYeHHOE TUCJI0 Pa3, KOMMABOSKED MOKeT MOTYIHTh CKOJbL YTOJHO
0onbIIylo mo Belmumde npubeinl). B mpuMepe 5 COOTBeTCTBYIOIUI
rpag BoobIne He mMeeT KOHTYDPOB, LI0ITOMY B 9TOM cJydae alrOpuTM
Dopria MO’KET IPUMECHATLCA BHE BCAKUX COMHCHHUIA.

A 9r0 feNaTh B cMTyaLuu, KOIfia HeT cBefeHumit 06 oTCyTCTBHH min
HAJW9IMH B PACCMATPUBAEMOM rpade KOHTYPOB OTPUNATOABHON HAJIHHBI?

1) Cnemyer, KOHeUHO, YUHTHIBATH, YCIOBHOCTD JAHHOLO npuMepa. —
Ilpum. nepes.
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P raKoil CHTYaIlld MOKHO 0OHYHEIM 00pa30M IPHMEHATH aJITOPUTM
doppa, HO B IpoIecce ero paboTE. HEOOXOAUMO VIATHBATH, CKOJBKO
pa3 OKPAIIHBAIOTCS OT/EILHEIS BEPINUHEL. Hax TonpKO TnCx0 oxpauiu-
panmdil KaKoi-1ubo BepmuHE focTUraer Benndyuuet N, rae N — qucao
pepiizH TPada, Iponeypy aIropUTMA MOKHO OCTAHOBHTD: MCXOJHBIE
rpad COMEPIKUT KOHTYD OTPHULATENBHOH JJHHEI. Ecau sxe sroro me
IpPOHCXOAUT, To mpomeaypa arropurma (oppa 3apepmraercss 3a Ko-
Heuroe YACIO IIaToB, NPABWIBHO pelas HCXONIylo 3afady.

Jlns 06OCHOBaHHS NPUBEAEHHOTO IPABUIA NPEINONOKAM, TTO:
1CXONHHH Tpad He comepsKuT KoHTYPOB oTpunarerbroi aamanl. Torga
ecJ y HEKOTOPOH BePIIUHK 2 BeJIMYuHa d(x) mpuobpeTaeT OKOHYATE b~
roe 3HAYeH e (T. e. ompefenseTcs JIUHA KPaTdailmero Iyt U3 s B ),
t0 B XYROEM clydae Kajag W3 OCTABIINXCH BePHIMH MOKeT ObITh.
oKpalleHa BHOBb (MW BIEDBHIE) TOIBKO ONMH Pas, Ipexsie dem Oyjer
OROHUATEJABHO OKpallleHa OgHa M3 HEX. TaruM o6pasoM, HU OTHA BEp-
muHA He MoxkeT OuTh oxpalrena Goixee (N — 1) pasa.

3.2. AnropuTMmbl NoucKa BCEX KpaTuanLiMxX fnyTen

B npentimymes paspere Ovlla paccMoTpeHa 3ajgada HaXO/KAEHHS Ha
rpade Kpargafiuiero nyTH 13 HEKOTODOH BH/IEJICHHOW BEPIIMHH [
060l Apyroii Bepuubl, B janHOM pasgede 6yAeT paccMOTpeHa 3afa-
943 MOWCKA Ha rpade KPaTdainero IyTH MesKIy KaskAol 0apoi BepliyH.
Homeuno, sra Goxee o6mas 3ajaga Moraa O OHTH pelmIeHa IyTeM
MHOTOKPATHOTO NPUMEHCHHS aJropuTMa [[eMKCTPH ¢ HOCAeNoBaTeN b~
IBIM BHOOPOM Kaskpoit Bepmuusl rpadga B KadecTse BepmuHEH s. OngHa-
KO peajm3alisi cOOTBETCTBYIOMEH Npoleayps norpebosana OB cpaB-
BUTENBEO GOJBLINAX BHYUCIAUTEILHEX 3aTpaT. H cHacThio, CYIECTBYIOT
arropuTMH 0oJiee addeKTHBEEe, YeM HPoleaypa MHOTOKPATHOTO IIOB-
rTopeuua amropursma Jlefixcrper. Jlasee paccMaTpPHBAIOTCA ABA BeChbMa
CXO;KUX allTOPUTMA MOMCKA Ha rpade KpaTYalmnx IyTed MEe;KAy BCe-
MH TIlapaM¥ BepPUINH. TH aaroputMsl npuragieskar Ouoiny [4] m Jan-
nury [1]. B o6oux ajropuT™Max pmiisi jJIWH IyT HOIYCKAIOTCA OTPHILa-
TeJIbHHEE 3HAYEHUsA, ONHAKO He FOUYCKAeTCSA HAJIHW4YMe KOHTYDOB OT-
pRUAaTeINbHON JIIMHEL,

IIPHAMEP 1. TlpeptionosuM, 9TO aBAAKOMIOAHHA, QUTypHpoBaBmas B IpH-
Mepe 2 pa3g. 3.1, AO/MKHA NI MHOTOYUCIEHHEX HAacCUKUPOB €HENHEBHO pas-
pabarsiBaTh MapIIpYTHl HOJNeTOB MEKLY DAsIUIHBIMH TOPORAMH. OTa ABHAKOM-
OaHNs B MEIAX DKOHOMHH CBOUX 3ATPAT CTPeMHMTCA NPeJOCTABIATL NACCAKHPaAM
manbodee KOpPOTKHe MapmpyTH. [losTomy eil XOremoch OH 3apaHee 3HATH Kpart-
yailine MapHIPYTH MeXAy Kaskpoil mapoit ropomos CHIA, ecau, maunpumep,
pedb nfeT 0 mokerax B mpepenax CIHIA. :

ITperxe weM mpeACcTaBIATH AJNTOPATMBI, HEOOXOTUMO BBECTH HEKO-
ropsie obosnadenus. IlepeEyMepyeM Bepmaus HCXOAHOTO rpada Ie-
apvE gredamu ot 4 mo N. OBosnaunm wepes d;; AJAUHY KpaTdaifimero
IIyTH W3 BEPHIMHEL [ B BePIIKHY j, KOTOPHI B KA9eCTBEC IPOMEKYTOT-
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HBIX MOJKeT COJlep3KaTh TOJBKO nepBbie m BepmuH rpada. (Hamomuanm,
49TO TPOMEKYTOUHOH BePMIMHON IIyTH ABIseTcd J00as TPHHALIEkKA-
masg eMy BEepPHINHA, He COBIAZAIMIAs € ero HAYaJbHOW MW KOHEIHOH
pepmunamu.) Ecau Messny BepImusamu i u j He CymecTBYeT HE OXHOIO

OyTH YKa3aHHOTO THIA, TO YCJIOBHO OymeM CUMTaTh, 4T0 djj == 00,

W3 namnoro ompepeneHnss Beawddwu dj; CIEAYeT, 9TO BEIWUYMHA d?,-
IpencTaBisAeT AJIUHY KpaTdaiiiero nyTu W3 BeplIudsl | B BEPLIMHY J,
He IMEeIero HPpoMe;RyTOYHBIX BePUINH, T. €, ITHHY KpaTdaiilnei qyru,
‘coefiEHAIOMmel i ¢ j (écan Takue AYTW HPHUCYTCTBYIOT B rpage). s
J1060d BEePUIMHBL { TONOKHUM d?[ = 0. Ormerum payee, 9T0 BeIHIMHA
djj UpeacTaBifgeT JAMHY KPATUAKIIEro IYTH MEHKILY BepUIMHAMY [ H J.

O6osnaunv vepes D™ martpumy pasmepa N X N, suaement (i, j)
KOTODOI coBuagaer ¢ d;;. Ecnu B ucxonmom rpade HaM maBecTHA id-
Ha KQRMOM AyTHM, TO MbI MO}KeM copmupoBars Marpunmy DY Hama
IeJdb COCTOMT B ompefenenuu Marpuisl DV mpepcrapisiomedi kpart-
Yailmme IyTH MEKAYy BCCMH BePHIMHAMH pPaccMaTrpuBaeMoro rpada.

B aaropmtme aofifa B xagecTBe MCXOMHOH BHICTymaeT MaTpHIA
D°. Brauare u3 sToll Marpuusl BHunCIgeTca marpuna D!. Bartem mo
matpute D' Beraucisercs Matpuna D2 . a. Ilpomece moBropsaerca o
TeX I0p, Hoka no mMarpuge DV¥N—! me Gyner sbiudciaena mMatpuna DV,

Paccmorpum oCHOBHYI mpei0, JeRamylo B OCHORe AJTOPHTMA
‘Oanoiiga. Ilpegnososkun, 910 HaM H3BECTHHL:

a) KpaTyallimili OyTh W3 BePINWHH i B BePIIMHY m, B KOTOPOM B
KavecTBe IPOMEO;KYTOYNHX JONYCKAeTCA MCIOIb30BAHEE TOJDKO Iep-
BHX (m — 1) BepuinH; _

6) KpaTUalimuid myTH M3 BEPUIWHE m B BepPIIHHY j, B KOTOPOM B
KavecTBe IIPOMEKYTOUHEIX JONYCKACTCHA HCHOJAB30BAHEE TOJILKO Iep-
BHX (m — 1) Bepmns; ’

B) KpaTyailmmif 0yTh U3 BEePHIMHKL | B BEePHINHY j, B KOTOPOM B Ka-
MeCTBe IPOMEKYTOYHBIX [ONYCKAaeTCsA UCHONb30BAHUE TOJIbKO HEPBEIX
(m — 1) Bepumm.

ITocronpky mo mpeAmoNioKeHUI0 UCXOAHKH Tpad He MoKeT comep-
KATh KOHTYPOB OTPHIATENBHOR AJANHBI, OMUI U3 ABYX NyTe#d — OyTh,
COBIANAOMMUE C NPEACTAaBACHHEIM B 1. «BY, WIM IYyTh, SBJIAIOMMIACA
obpefuneHEeM TyTeit U3 NII. «a» ¥ «6», — OJIKEH OHITH KpaTgaiinum
TIyTeM N3 BePUIWHEL | B BEPIUMHY j, B KOTOPOM B Ka4eCTBE IMPOMERYTOT-

HBIX JIOIYCKAETCA MCIOJb30BAaHMe TOJBK O MePBHX /m BepmuH., Taxum
06pasom,

di} = min {7 + dpt, 477 3)

W3 cootHomenus (3) BuaHO, 9T0 IA BBIYHCJAEHHUS BAEMEHTOB MaT-
puus D™ Heo6XoquMo pach 0J1araTh JMIIE HJ1eMEHTAMI Marpuns Dmt,
Goisee Toro, cooTBercrBylomme BHYHMCIEHUA MOTYT OBITH IPOBEEHH
6e3 obpamenus k mcxomHoMy rp ady. Temeps Mbl B COCTOSHHE [aTh
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opMaabpHOe ONHECAHUE aJIrOPATMA Drnoiina pusa HaXoKIeHAA HA rpade
FpaTqaﬁmnx nyTed MeKIY BCEMI HOAPAMH BepUIUH,

Anroputm Dnonpa

Ilaz 1. IlepenyMepoBaTh BePIIUHB MCXOIXHOTO rpada IelbIME YHC-
gamu oT 1 go N. Onpepenmrs marpuryy D° 3ajaB BeIUduey KajKuIoro
ee nrlemeHTa (i, j) paBHol pauHe KpaTdaiiileidl AyrH, cOeNMHAIONLeH
pepilHHY i ¢ BepmuHoii j. Eciiu B mcxoaHoM rpade yra3aniEe Be PRINHE
e COCOUHAITCA MYyraMy, I0JOKHATE d?f =o0. Hpome toro, mia Bcex
i noaomuth dy; = 0.

Hlaz 2. [lnst Henoro m, NOCJAeH0BaTeIbHO IPHUHUMAIONIETO 3HAYe-~
wust 1, 2, ..., N, oIpefeiuTh IO BeIWUMHAM 3JIeMeHTOB MaTpuosl D™ 1
BEIHYMHE! 3JIEMENTOB MaTPHIH [ ™ HCIONB3YA PEeKYPCHBHOE COOTHO-
menze (3), T. e. coorsomenue djf — min{d}, "' - dn; ', d7'}.

[Ipu oupegeseHuy BeXWYMHBI KaXKIOTO DIeMEeHTa MaTpuIp D" durcu-
poBaTh COOTBETCTBYKIIEH KpaTiadIInil HyTh.

Ilo oxoRYAHUE NAaHHON MPOIeTyphl BeJTUIAHA dJieMeHTa (i, /) MaTpH-
el DV onpepgensier AuMHYy Kpardaiiiiero OIyTH, Begymero U3 BepUIUHE
{ B BepIWIHHY j.

To, 9To omMcaHHHIA aJTOPUTM /(eACTBUTEIHHO HAXOXHT KparTdali-
Liue OyTH, MojKeT ORITh MHAVKTHRHO NOKa3aHO HA OCHOBE Clefyiiero
darra. [lnmna kpardafimero NyTH U3 BepMIKHL [ B BePIUUHY j, 0y C-
KAIOMEero HCHONb30BAaHHME B KAUECTBE MPOMEKYTOIHEIX IEPBUIX M BeP-
MyUH, HOJsKHA ObITH He (GOJBNIe JJMHMHB Kpardaiuiero myTd u3 [ B J,
JIOTIYCRAIOMEero WCIOOJb30BAaHNEe B KadecTBe NPOME:KYTOYHBIX IIEPBHIX
(m — 1) BepmuH, u He GoJblle JIWHH Kpardadllero myTd U3 i B f,
JIOTIyCKAIOMIero HCHOJIb30BAHNE B KadeCTBe HPOMEKYTOYHHIX HIEPBHIX
(m — 1) sepmuH u o0s3aTeJibHO — BepUIUHEL M.

OTMeTHM, 9To IXF BCeX | U m NoMKHO 6HTh dj; = 0. IloatoMy Her
HeoOXOAMMOCTH B BHUNCAGHUNM [HATOHANBHBIX HJIEMEHTOB MATPHIIL
D, D2 ..., DN, Kpome Toro, mis Beex i == 1, 2, ..., N HMeIOT MeCTO

cootnomenus diy = diy, 1 di ' = djp;. DTH COOTHONIEHUs 0GyCIOB-
JUBAIOTCA TeM, YTO BEPUIHHA m B OTCYTCTBHE KOHTYDOB OTPHOATENb-
HOit JUIMHEL He MOKeT BEHICTYIATh B KawecTBe IPOMEKYTOIHOH B TIOOHIX
KpaTdaiiiimx IyTAX, KOTOpHe HATMHAITCA WY 3aKaHTABATCA B
camoit Bepmumae m. CaegoBaTelhbHo, TPH OUpeeNeHHE MATpHIOE D™
HeT HeoGXO04MMOCTH B Iepecuere dJIeMeHTOB m-ii CTPOKE H M-T0 CTON0-
ma Marpmger D™t Taxkum ofpazom, B matpuue D™ mo gopmyre (3)
HeoOXomuMO CcYHTATH JWMb BenmumHH (N — 1)(N — 2) sieMeHTOB,
B YHCJIO0 KOTOPHX He BXOJAT AUATOHANBLHHE AJIEMEeHTH, & TaKme die-
MEHTH W3 m-# CTPOKHU W m-To CTOAGHA.

IIPUMEP 2. (ITpumenenue ansopumma Paoiida). Ilas rpada, wuzobparken-
HOTO Ha puc. 3.4, marpEna DO, cocraplenHas w3 gime gyr rpada, Tarosa:
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Pue. 3.4.

Beauqusber adeMeHTOB MATpuusl D! u coOTBETCTBYIOmHe M KpaTdaillie
LyTH OHpefeNsOTCA CleAylomuM ofpasom:

dy=min { ) + af;. diy) Coucifx%e%c;fgw-
dj = dj) =0
dig = djy =1 1,2)
dig = djy = 2 1,3)
djy = djy =1 (1,4)
dfy = dfy =2 2,1)
dyy =0
dyy = min { do + dY, ¢33} = min {242,7} = 4 @1, 1,3y
dj, = min { d) 4+ df,, dS,) = min {241, o0) = 3 @1, (1,4
d:ln = dgl =6 (3.1)
diy = min { d} + d¥y, df} = min {6 + 1,5) =5 (3,2
diy =0
dyy = min { & + di,, d5,} = min (6 + 1,2} =2 (3,4)
djy = df =1 (4,1)
dj, = min { df + df,, df] = min (1 +1, 00} =2 (4,1, (1,2
dis = min { dy + di, dfs} = min {1 + 2,4} =3 1), 1,3
dl 0

I
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ApgaJOTHYEEM O6pa3oM MOTYT OHTH OOpefeNeHbl BEAMTHHL! DJIEMEHTOB
garputi D%, D3 @ D* U cOOTBETCTBYIOMIH® HM Kpardaiimue nyrn. Iloxydennme
peayabTarhl HPUBORATCA HUKe.
Marpuma D%

01 2 1
2 0 4 3
DP=1¢ 5 0 2
12 30

Kparuafiiiye myTu aJis 9AeMeHTOB Marpuust D2

(1,2) (1,3) (1,4)
2.1) 2,0, (1,3 (21), (1.5
(3,1 (3,2) (3:4)

4,1 41, 1,2) G1), 1,3)
Matpuma D3:

01 2 1
N 2 0 4 3
DP=1g 5 0 2
12 30
Ipargaifmme oyTo fAjs 37€MeHTOB MATPHIEI D3:
(1,2) (1,3) (1,4)
(2,1) 21) 1,3 2.1), (1.9)
(3.1) (3,2 (3.4)

Lia) @), 1,2) (4.1, (1,3)
Marpuma D4:

0

Dt =

W S D
[==2 U

1
0
3 4
1 2
Kparyaiimme MyTH A 21€MeHTOB Marpuos D4

N 1,2 1,9) (1,4)

2,9) (2,1), (1,3) (2,1), (1,%)
3.4, (4,1 34, (1), (1,2 3.9

(4, 1) 410, (1,2 &1), 1,3)

3ayeTHM, 9TO UpI OPON3BOJILHOA HyMepamuu BepIIMH HCXOJHOTO rpada
B Tpollecce BHIIQIHEHNS ANTOPUTMA Kpardaidmwue OyTH 6ynyT OTHICKHBATHCA HA
6osee paHHEX CTAAUAX A TeX BEPMHH, KOTODHe, UMEA Oau3KHe HOMepa, AB-
JAIOTCS «GMBKHMMY M IO JUIMHAM COOTBETCTBYMIOIIMX KpaTdalmux OyTed.

B mpeicTaBIeHHOM BHIIIE YUCICHHOM IpEMepe KpaTdaiimiue myTd
MeKIy COOTBETCTBYIOMMMY BeplIMHaMu POPMHPOBATNACH IO MEPE BEL-
moJIHeHHs mpomenypsl aaropurMa. OUYeBHAHO, 1ias 3a7ad PeasNbHBIX
pasMepHOCTell TaKo# crmoco6 GOpPMUPOBAHMA KpAaTIAMIIUX uyTeit sB-
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usgercss OpakTHdecku MasompuroaubiM. CieoBaTexnHo, HeobXoxmmo.
paspaboraTs Goiee adderTmBHBIE cHoCO6 ompemeseHHs Ayr, COCTAp-
JAOMUX KpaTdaliiimi IyThb.

BBenem B paccMorpenme mpepmocliefuue BepmuHH myTeit. Ilyers
Pij 0003Ha"aeT NpPeANOCIe[HION BEPIIMHY KpPaTIAHNIEro IIYTH, COe-
AUHAIOMEr0 BepmuHy i ¢ BepmuHo# j. (Ecnm Merxpy ykasaHHERMB
BepIIMHAMH HMeeTCH HECKOJNbKO COefHBAIMUX MX Kpardaiimex moy-
Teil, TO JIA mapH (i, j) MOSKET CYIECTBOBATH HECKOIHKO peocue -
BEX BepmuH. B aTOM ciryuae wepes p;; ciiemoBasio Gbl 0GO3HAvATH
MHOKECTBO BCeX 9TUX Bepiimd. OfHAKO eCau HAC MHTEPECYeT TOJIBKO
OfMH KPATYaWMu#A OYTh, TO MOKHO OrPAHWYATH PACCMOTPEHIUE JHIIb
OJtHOM U3 BePIINH, COCTABIAIMUX MHOKECTBO p,;.) Ecin p; ; manectHo
AN KayKA0# HAapH BEPHIWH [ M j, TO BCe HPOMEKYTOYHHE BepIIHHEL
KpaTIaiillero OyTd u3 i B j MOIYT OBITh OIPEfeNIeHH CJe[y IIIM
obpasom. Ilycrh mnpepmocieaBeli BepmumOf HCKOMOTO IyTH sB-
Jsercs BepuimHa k, T. e. p;; = k. Torga BTopas 0T KoHIa Bepuinna
Ha 3TOM TYTH ABJIACTCA IPEANOCIe[HEH BEPOIMHON KpaTYaiiimerc
OyTHE ¥3 i B k, T. e. coBnanaer ¢ p;;,. Jlaunyio mponeypy MOKHO HOB-
TOPATH W jajiee 4O TeX Nop, Hoka He OyueT mpoiined B oGpaTHOM Ta-
NpaBIenny BeCh KPATYadiui MyTh M3 BEPIIUAS B Bepmuny j. Tarmm
o6pasomM, IJIA T0r0, YTOGH OIpeeduTh Kpardaimue OyTH MEKIY BCe-
MH IapaMH BepIINH, BeofXOMUMO paciloNaraTh JHIMb 3eMEHTAME
Dij WA BCeX map BepmumH (i, j).

CymectByror 1Ba cnocoGa ompeneneHns p;; — écmpoennnil (tenta-~
tive) m enewnuii (terminal). Omumem Kaskgplll U3 HUX B OT/AeIHHOCT.

1. Bempoennuii cnoco6. Ilepen mauanom paorst anroparyva Miofi-
ma (Touwmee, mepep marom 2) B KadecTBe P;; UPHBATH dJIEMEHT i (3T0
HpoAesaTh 1A Kaxporo j). [aiee B mpomecce BEIOIHEHUA aATOPUT-
Ma Ipu HCHOAB30BAHUA COOTHONIEHUs (3) KasKablli pas GUKCHPOBATSH,

Kakas u3 Bexwaus (d7., + dp;') mim d77' menbme. Kak TosK0 MeHb-
Iitefl OKA3KIBAETCA MePBAsl U3 STUX BEJWYNH, HOJOKHATD ; ; PABHHM .
B npormerom cirywae ocrasmts p; ; HemamenmniM. (Ecin okassisaercs,
9TO BeJNIMYMHBI, BXOJAMME B UPABYI 9aCTh COOTHOINeHUs (3), oguHa-
KOBHI, TO MOKHO JH60 He MEHATH p;;, AUGO MPHHATH €r0 PABHLIM m.)

Hocxe oxonvanmsa BHIONHERNA aJTOPHTMA AIIEMEHTE Pij, chopmu-
POBaHHHE MAHHEM CI0CO60M, JeHCTBHTENHEHO ONPENeNAT IPermo-
CllefBye BePIIMHB KpaTdadlimX TyTeH, BeNymUX M3 BePMIUHH | B
BCPIWIKHY .

2. Buewnuii cnoco6. Camrag paGory aiaropmrma (Miofifa 3aKoH-
YeHHOM, & 3HAuMT, W 3Hag marpumy DV, ompemeruts Kaxmoe Pii
TOJIOKUB €r0 PaBHEIM JH0GOMY k, Jiis KoToporo diy - dg,- = d?;; npa
3TOM [ YOpMUpOBaHHA p;; TpebywTea ToNbKO Matpumpl D® m DV,

Otmernm, 9T0 B cnryanuy, Korja anxropury @noiigal) yixe BHIOI-

) NmeeTes B Uy Ta OCHOBHAA MOZUQHKANNA afrOpPUTMA, B KOTOPOH BhI-
HACASAI0TCA TOAbKO [VIMHEH Kpard4aimux myTed. — Ilpum. nepes.
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geH. eBHCTBOHHOE, UTO 0CTAETCA CAeNATh AJIA ONPEJeNeHus KpaTdaii-
U DYTedl, -— 9T0 BOCHOAb30BATHCA BHEINHEM cnocoGom gopmuposa-
anst pij- ECIH sKe 3apaHee M3BECTHO, YTO HEOGXOAMMO Onpe/eHTs He
0;IPKO JUTMHBL KpaTYafiluux myreil, HO U CaAMH| IyTH, TO, Ge3yCIOBHO,
qyuiiic IPUMEHATh BCTPOGHHHH cl0co0, MOCKOJIBKY pealu3amusa ero
3 PaMRaX OCHOBHOIO AJrOPHTMA JMIIb HESHAYMTEJIBHO YBEIUIHBACT
001N BBHYHCIEHUI.

Eiie oqEE alTopHTM moWcKa Ha Tpade KpaTIaimmmx IyTeil Memxmy
pCCME TIapaMy BepuimH Ol npennoxen [lanmurom. Anroputym [Jlannm-
ra BechMa Gam3or K anroputmy Duoiifa u oramUaerca 0T MOCHEIHETO
AL HHBIM OTOPAJKOM BHOOJHEHHS TeX e CaAMBIX onepanm‘i.

vHrak, pacemorpem aiaropurM Jlaumura. Criosa nepenymepyeM Bep-
ITHL HCX0AHOTo Tpada measmu gucaamu ot 1 10 NV # obosHavnM gepes
d{; niAny Kpardaiiniero NyTH W3 BEPIIAHH i B BePUINHY [, B KOTOPOM
A0IYCKAOTCA HMCOOJAb30BAHME B KAIeCTBE NPOMEKYTOYHHIX M IepBHX
sepine rpada. [ycrb Temeps B ornuaue ot anropurma Diroiina mat-
puna D™, cocrosamas u3 senmuuy d;;, npu Kaxgom m =1, 2, ..., N
umeeT pasmepuocts me N X N, a m X m. Tak e, Kak m paHblie,
rpebyerca oupegeanrs Marpuny DV, anement (i, j) koropoit onpeness-
eT JIMHY KpaTdaimero myTd W3 Bepmumsl (| B sepmuny j. Hak u B
aaroputme (Dioiina, B airopur™me Jlammura Marpuna D! ompepens-
erca u3 marpunpt D° marpuna D? ns marpunst D* u t. 1. Haxomer,
marpuma DV ompepentsiercsa!) w3 marpummsr DV,

B gem ke upes aaropurma Jlammmra? Bo-mepBhX, oTMOTHM, YTO
RaykIas HOBaA BHYHCISEMAas MaTpuna D™ copep:KUT Ha OfHY CTPOKY
7 Ha ofuH croxGer GOJBIIe, YeM ee MpeTmecTBeHHANa, MaTpuia D™t
SneMenTH MATpEEE D™, He BXOJAILMe B TOCIENHUE CTPORY B CTos6ell
(amcyIo TAKMX DIeMPHTOB paBHO (m — 1)2, ompejpenAIoTcs TOIHO TaR
ke, kar B ajroparMe Muoitna. Yro ke Kacaercs OCTATBHBIX BJICMEH-
108 d;;, TA€ i = m WA, j = m, TO OHNU ONPEeAeINAI0TCS C YyIOTOM IpH-
BOZHMEIX HIKC coobpaskenmit, Hpargafimmii WyTh W3 BepUIHHBL
B Bepummuy m (@il Hao60pOT), B KOTOPOM JOIYCKAeTCs HCIOJIb30Ba-
HIe B KadeCTBe NPOMEKYTOYHHX TOJBKO NMEPBHX m BepIIMH rpada,
Tie MO;KET MMEeTh CPeIul IPOMEKYTOUHEX BePIDHHY M, MOCKOIbKY JI0-
G0l KOHTYD B HCXOXHOM I'pade MMeeT HeoTPULATEIbHYH LINRY. B cn-
Ny AaHHOro o0CTOATETIBCTBA TAKOM KpardaBinmil IyTh M3 BOPUIWHbL i
B BEPIUIUNY m JONHEH MMeTE CBOEH TepBo#l TaCThi0 KpaTYailmmii NyTh
H3 BePIIUHL { B HEKOTOPY BepHHY j (< m), KOTODHH HOIYyCKaeT
HCOO0Jb30BAHEE B KaYeCTBe IIPOMEKYTOIHBIX TOJBKO (m —_ 1) IePBHX
Bepmud rpada, a BTopoit YacThl0 — KPaTIaMlly Ayry, Beaymylo M3
BEDIOWHBI j B BepIIHHy m (KOHEUHO, CIEyeT PacCMarpPHBATH TOJIBKO

1) Ha camoM pelie npi ONpefeleEns M0G0 u3 MaTpury D* opu k >1 B 060~
LX QITOPATMAX HCHONB3YIOTCA HE TOADLKO DJIEMEHTH MATPHILI D%l mo u axe-
MCHTH MATpuuul DO, onmpegensieMoi Tak e, KAK B anropurme Quoina. — Hpus,
nepees.
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TaKWUe BEPUIMHKI j, [ KOTOPBIX MMeeTes: XoTA OBl oHa Ayra, Begyiiag
u3 j B m). AHAIOTHYNO KPATYAHIINA OYTh U3 BEepINUHE m B BePIIHHy
i, B KOTOPOM JolycKaercd UCIOIH30BAHEE B KaUY€CTBe IIPOMESKYTOYHEIX
TOJBKO /. IePBLIX BePIUH Tpada, HoJKeH HMeTh CBOeH IepBOi 9acThio
Kpardafiuiyo gyry, Begymyio W3 BepIIWHEL /72 B HEKOTODYIO BCPIMUHY
j(j<< m), a BTOpOHl WACTHI0O — KpaTUYARNIWH NyTh W3 BepPLIMHHE | B
BepIIMHY I, KOTOPHIH NOOYyCKAeT HMCHOJABL30BAHHE B KavecTBe IpPOMe-
JRYTOUHBIX TONBKO (m -— 1) nepsrix BepmuH (KOHEIHO, CIAegyeT pac-
CMaTPHUBATH TOABKO TAKHE BEPINUHLL j, AJA KOTOPHIX MMEETCS XOTA ObE
ofHa Ayra, BeAaymad u3 m B j). HakxoHenm, oTMETHM, YTO BEeJMTWHBL
dimm IOJRHEEL TIONATATHCA PABHEIMM HYJIO.

C yueToM IpuEBeeHHEX COOGpayKeHdi MBI MOJKEM Temeph GopMab-
Ho onmcaTh anropurMm Jlammura.

Anroputm [aHuura noucka
BCEX KpaTuanwmx nyteM

gz 1. llepenyMepoBATh BEPUIMHEK UCXOMHOTO I'pada meJIsMHI Yhc-
aamu ot 1 go N. Cpopmuposats marpuny D® (pasmeprocTsio N X N),
KaeApid sileMenT i, j KoTopoli d;;° ompepender ANUAY KpaTdyaimeir
JyTH, Beylieil u3 BepOIMHH [ B BepmuHy j. B oTcyTcTBEe Takod nyra
HOJNOKUTE d%; = 00,

lllae 2. 3pmecy uwepes D™ o6o3maTaeTCA MATpUIa pPasMepHOCTHIO
m X m c siemenramu dj;, m =1, 2, ..., N. Ilocregosatensro ompe-
leJUTH dJeMeHTE Marpunsl D™ u3 snementos Marpunsl D™ nua m,

ppuHuMamomero 3mavenus 1, 2, .., N:
W= min {doi + a7 (= 1,2, ..y m—1), (4)
= min ldiT ) (=1,2, 0, m— 1), (5)
dff = min {dip, + dmj, i) G, 7=1,2,. L, m—1). (6)
HKpoue Toro, mis BCex i M m mOJNOKATH
dif = 0. (7y

Hpargaiimme myr#, MJIHHE KOTOPHX OUpefeNdIOTCA BeIHYWHAMT

d?; snemenTos Marpunsl DV, MoryT GLITH OmpEeJeHH aHaj OTHIHO TO-
My, Kak 2To fmesanoch B aaropurme Dioiina.

Cxoabro omepanmit BemONBsAerca B adropurme Jlammura? UrtoGsr
OTBETHTH HA STOT BOOPOC, 3aMeTHM, 9TO B ajroput™ce JlaHIHra BHIOJI-
HAIOTCA IO CYIIECTBY T€ yKe caMbie omeparud, 4o u B aiaropurme Ouodi-
Ja, TOJIBKO B IpyroM mopagke. [felicrBuTeNbHO, ypaBHeHue (3), mc-
mosabssyemoe B anropurme (DIoiima, TpocTo COBHANAET ¢ ypaBHEHUEM
6) anropurma [lanumra. Ypasuenus (4) u (5), ncooxnzyeMsle B ajro-
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AHAJIN3 BHIACIUTEIBHOHA CIIOKHOCTH JOCTATOTHO Opovrv npusvun e
A TAKEX aJiTOPUTMOB, B KOTOPHX 9HCH0 BHIIOJHAEMHX OmepaNui
npakTHIeCKH HemsMeHHO. VIMOHHO TakmMM ajiropurMamu npu $mrcu-
poBaHHOM HCXOZHOM rpade ABIAAKTCA axroputmel eiikcerpr, Onoiina
u Jarnura. Ogaake cymecTByioT aJiTOPUTME, TOTHOE IHCIO omepanmi
B KOTODHX He MO;KeT OHTH ompefieleHo 3apamee. Hampumep, Helbss
sapaHee OLPEeAENUTh YHCJIO omepanuit arropurma Mopaa, mOCKOABRY
HeNAb3sl Jl0 BHIMONHEHUA AJATOPUTMA TOYHO YKA3aTh, CKOABKO paz
GyAeT OKpalIMBaThCA KaskpasA BepummHa rpada. J(as aaropuTMOB THIA
anropurmMa Mopaa oOLYHO OPH aHANH3e BHYHCIUTENBHON CIOMHOCTH
OIPENeNsIOT BEPXHIOI TPAHUIY BOBMOKHOIO UACJA OIEPAITHE,

Hax Buano u3 omvcanns aqropHTMOB HOHCKA KDATYAMIMHX ITyTeir,
B OCHOBHOM OHH COCTOAT U3 OTEpaIruil ABYX THHOB: oHNEepAINH CIOHie-
HHSA ¥ OTeDaIliy CPaBHeHHA mo MuHuMymy'). Ilpu. amajmse BEYHCIHE-
TeIBHOM CIOKHOCTH JIOGOT0 U3 STHX AJITOPUTMOB HEOOXOMAMO KAKIM-
anGo 06pa3oM BHABUTH COOTHOLIGHHE MEKAY BHYHCIHTEIBHHIMH 3a-
TPaTaMu Ha BHITOJHEHNEE ONePallud CIOKEeHUsS B cpasHeHus. [{onedno,
3T0 COOTHOINCHUE OlpelensaeTcHa HCHONB3YyEeMHMH BEIHCJIHATCILOBIMA
cpeficTBaMH (aBTOMATHICCKHME WU PydubiMu). OxHaro i 6oJbIIero
ynobcrBa MH Oyzem mpefmoJiarath, YTO JUIsi BEIOOJHEHHS 06eWx OIe-
panuii Tpebyerca oflAHAKOBOe BPEMH.

Ilepeiifiem Temeph K OIpeMle/IeHUI0 TUCTA ONEPAIMA B AJITOPHTMAX
Dnoiina ([laanura), Hedircrpet m Mopua. B anropurme Miofina BH-
aucaaoress N marpun DY, D2, ..., D¥| Kampgaa U3 KOTOPHX COCTGHT
u3 N2 anementoB. CaenoBarensio, B aaropurme Muoitga meobxoammo
BRaucasaTh N anementoB. Kaskgoe taxoe BEYMCIeRHe OCYIIecTBIAET—
cd ¢ IIOMOINbIO COOTHOMEHHUsI (3) W TpeGyeT BLINOJIHCHWS OJHOA oOme-
palum CcioskeHus: u oxHO# omepanmuu cpaBHenma?). ClemosaTenbHo,
B aaropurme Dioiia Bemonuserca N® caomenuit uw N3 cpasmemui.
(Crporo roBops, yrasaHHble YUCIa HECKOJIBKO MNPeBHINAIT TeHCTBH-
TeAbHHIEC IIOKa3aTeIH, HOCKOIbKY HeKOTODHE 3JIeMeHTH Marpuitsl Di
MOT'YT GHTH HENOCDEACTBEHHO HPUPABHEHLI COOTBETCTBYIOIMUM 2JICMEH-
TaM u3 Marpausl D! 6é3 mpoBeeHUS BHUYMCICHWH ¢ MOMOIIBI0 COOT-
nomenus (3). IT0 OTHOCHTCSA K BIEMEHTAM i-il CTPOKM H i-ro cronbna
marpun Df u D!, ABAAKOMUXCA B STHX MATPUIAX ONHHAKOBHIMI.)
Mrak, o6mee KonmmaecTBO omepammii, BEINOJHAEMHX B alTOpHTMe
Dunoitna, nponopuuosansio 2N3. Ucnosnbays Goaee cTporyo TepMuHo-
JOTHIO, STOT Pe3yibraT MOKHO copPMYJTHPOBATH CleqyOmuM o6pa-

1) lmeerca B BuY OHCpanuA, B KOTOPOH M3 [ABYX BeIN4UH ONPeEHedseTCHa
MeHbINAA. ABTOp B JajhHellleM OTIA4YaeT Takyld OIepanui0 CPaBHEHHA OT OIe-
paiun, B KOTOPOH M3 ABYX BeJIMYMH onpeneisiercss 60abmas. — ITpum. nepes.

2y JlJs KpaTKOCTH BJeCh U Jiallee ONepalisd CPaBHEEHH II0 MHHHMYMY Ha-
3nBaercsi NPOCTO Omepanmeil cpavREednsi. Tam, rjie 3T0 HOHAHOOMTCA, OymeT
NCHOJb30BATECH TOYHOE Ha3BaHMe COOTRETCTBYloWeH onepanuu. — ITpum.
nepes.
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3oam: axropurm (Duoiifa TpebyeT i CBOETO BHIIOJHCHUA BPEMOHY
caeTa mopaara O (2N39).

Hajiee mpoaHaNM3MPyeM BRIYHCHUTEIBHY IO CHOMHOCTH aJTOPHTMA
Heiircrpu. Ha mepBoii mrepanunm sToro ajiropaT™Ma JOJKHH OHTH IPO-
cMorpersl (V. — 1) HeoxkpamenHsx BepmuH. [JoCKOJIBKY IpoCcMOTPE
BePIINH OCYIIECTBIAITCA ¢ IoMOMbIo ypaBHenusa (1), To HA HepBOit
mrepanun BHnoxansercs (N — 1) onmepamwi#i cuaomkerma, (N —1)
omepanuil CPaBHEHHS, a TAaKMie IPOH3BOAATCA BHOOD HaWMEHBINETO
u3 (N — 1) gmcexn (t. e. Bemosiusacrcs eme (N — 1) onepanmit cpasue-
wma). Urax, nepsasg wurepammsa Briiogaer 3(N — 1) omepanwmii.
AHaJormaHo MOKHO HOKA43aTh, 9T0 BTOpPAA HTEPATHMA BKJIIOYAET
3(N — 2) onepanmit, Tpetsa 3(N — 3) onepanmii m 1. . Obmee aucio
ouepaguii B ajgropurMe JleHKCTpPH OUDPEmeNAETCA COOTHOINOHHEM
i=N
_223(1\/—-1') = 3N (N —1)/2.
=

HoMmMo yxasaHHHIX omepam¥Mil Ha KaM/IOH MTepalUH ajdropHTMa HC-
006X0JUM0 TaK:Ke BHIOJNHATH ONEPATHM IO BEIABJIEHUWIO OKpalleHHHX
¥ HEOKPaUmIeHRBIX BepOIMH. JTO, BOOOMEe TroBOpPS, HPHBOANUT K [OIOJ-
HUTeJBHBIM BHIYHCAHTECIBHEIM 3aTpaTaM, KOTOPHIe, OZHAKO, MOFYT
OBITh CBeJeHH K MUIHEMYMY IPH HCIOJB30BAHHA COOTBETCTBYIOINUX
OpHEeMOB Pealin3amyd aJropPUTMa HOPH COCTABAEHHH HporpaMMsl. Pac-
©MOTPEHHNe 9THX LPUEeMOB BHIXOJHUT 33 PaMKHN HacTtosmed kKumru. CooT-
BETCTBYIOINUA MaTepHal MokHO Hafitm B paborax [13, 15]. Mrax,
axroput™ JlekeTpel mMeeT BpeMs cdeta mopsgka O (1,5 N2). Orciona
MOYRHO 3aKJI09HTH, 9T0 ajdroput™M Qoppa B HamXyAmeM ciydae mMeeT
Bpemsa caera mopagka O(1,5N3). lefictsuTenbho, B anropaTse [eikeT-
PH Kaskpgas BePIIMHA OKPAIIMBAETCA POBHO OMH Pas, a B AJTODHTME
Dopna ora MoKeT okpammBatsca go (N -— 1) pasa.

Takmm o6pasoM, HaMK DOJYIEHSI CACAYIOMMAE Pe3yabTaTh: B ajiro-
put™e JlciikeTpH BunosHAercsa 1,02 onepaguit!); B anropurme Mop-
Jla B HamXypnmieM cjiydae Bomosgaserca 1,5V? onepanumil; B airoput™e
Dpoitna srmonusercsa 2N° onepanmii; B aaropatme J[aBgmra BEIIOJ-
Hsaercs 2N? omepannmii.

Hax y:xe ormewanocs, anroputm @uoiiga Mor Go 6HTh 3aMeHEH
ajropuTMoM J{eHKCTPH, MHOTOKDATHO NOBTOPSCMHM IpH BHGope
B KadecTBe HaYaJbHO# Kaskjod Bepmmusl mcxopaoro rpada. Coot-
BETCTBYIOIIAsA Lpomeaypa CBA3aHa € 34aTpaTaMH BpeMeHH MOPAAKA
0O(1,5N?), aro Mensiie BpeMenn cueta mia ajgropurma Oioiina, mMero-
wero nopagok O(2N?%). Hano, ograko, HMeTh B BUAY, 9T0 DU HAJNAYNAH
B HCXOAHOM rpade Ayr OTPHOATENBHOH [JIMHBI (IPH DTOM, KOHETHO,
HCKJIOYAETCA HAJNMINe KOHTYPOB OTPHIMATENBHOH NIAUWHE), AJTOPHTM
JeBxeTpr golken GuITH 3aMeren ajdropmTMoM Dopja, 9T0 TPHBOLHT
K BpeMenm cdera nopsagka O(1,5N%). [lagHasd omeHKa IPH JOCTATOYHO

1) Merorcs B BUAY ONepanUHE CJIOKeHHs M cpasHeHHA. — Ilpust. nepes.
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goaniroM N wpessimaer Benmymay O(2/V%) saTpar BpeMeHm jJiA ajiro-

arva Qiiodiga. Ommako e ciemnyeT 3a6HBATH, YTO JeHCTBUTENBHOE
(0:AMIECTBO oHepanuit B auroputmMe Qoppa, mo Beeil BePOATHOCTH,
pyaeT SHATATEJIbHO MEHbUIe HMCIOAb3YEMOR AJA HEro OLEHKU.

B 3aKJIQ4eHme OTMETHM, 910 AHAJM3 BHYHCIUTEIHHOR CHOAHOCTIE
¢TAHOBHTCA Bce Gojiee MpUTATATENBHOM 001acThlo [JIA MHOTHX HMCCHe-
qopareied. Ymgraresasr, KOTOPHE HHTEpecyercs JaHHOM TpoGieMaT-
1o, MBI OTchaeM K o63opubM crathbaMm Kapma [6] u Jloyxepa [8].
TeM sKe IUTATCAAM, KOTOPHE HATePECyIOTCS 2P(PEKTUBHIMY IpHeMaMKI
nporpaMMEpoBaHMA aATOPHTMOB, PAaCCMOTPEHHLIX BRIME, MBI PEKO-
aeliyeM Irosiesnyio pabory KHuyra [7]. ‘

3.3. AnropuTtm nomncka K kpaTdanwmnx nytem

B mByx Opeapinymux pasaeinax MaHION IJIaBE ORLIa paccMOoTpeHa 3a-
nada TOMcKa KpaTdaitmux nyteid. OHaKO BO MHOTHX CIYIadX HOJE3HO
3HATh HE TOABRKO KpaTdaillime MyTH, HO ¥ BTOpHIE, TPEThM H T. A. IO
gimHe mytH, B wactHocTH, B mpuMepe 2 m3 pasx. 3.1 aBHaKoMIoaHUs
moraa Opr 00parturhCa KO BTOPOMY KpaTdafiicMy MapIIpDyTy MesRmy
Copusr¢uinom u Aukapoi, ecam KJIHEHTH 5TOH aBHAKOMIAHWM HE
CMOI'YT BOCHOJL30BaTLCA KpaTIalimM MapUIPyTOM B CBA3H € TPYAHO-
CTAMH NOJyd4eHua BBE3THOM BH3LI MWJIM H3-3a OTMEHB KaKHX-TO IO.Je-
TOB, HJK, HAKOHEI[, BCJeJCTBHE 60abIIONA 3arpysKH AaBHAJNHHNH,
OpUHAJISKAMUX KpaTdafilmeMy MapOipyTy.

B napgom pasjmene BHadYalle ONACHBAETCA aJTOPUTM, HABHWBAEMBIH
areopummonm deotinozo noucka (double — sweep), KOTODHIA Haxoqur
k nepREx KparTYafimux myTell 13 HEKOTOPO GUKCUPOBAHHOM BePLIMHEL
KO BCeM OCTAJBHEIM BepITHHAM HCXOJHOTO rpada. Bcmem 3a aTtum
OMHMCLIBAYOTCST IBA &JIropuT™Ma, Ha3hlBaeMble 0600me HEIM aJropUTMOM
Drofina u o6oGmensrM ajropmrmMoM Jlaunura, KoTopele HaXOiAT &
DEePBRIX KpaTyailiumx HyTed Me;KAY KayKkol mapodl BePUIAH UCXOJHOTO
rpada.

Anropammr Jelikerpsr, Quodna u Jlaunura, NpefcTaBIeHHEE B
pasn. 3.1 m 3.2, D03BOJAIOT HAXOAUTH TOJIHKO CAMBIC KOPOTKHE OYTH
MeRy BepmmHaMy. JTH aJATOPHTMBL BKIIAOT B OCHOBHOM OIePannn
CIIO3ReHUA W CPABHEEHUA, KOTODLIE BEIIOIHAKTCA HaX OOBIIHEIMH 9HC-
JaMmy, OpegeTaBIAOIIMME JJIMHGI COOTBETCTBYIOIMUX JYI HIH IyTeii.
B wacraocrn, mcmonb3opanme B ajgropure J[eHRCTPEH COOTHOIIEHUSA
(1) BL10 cBA3AHO C BHIOJHEHUEM JHUIIH ONEPAlHid CNOKEHHA U Cpas-
Heyms. To ske caMoe OTHOCHTCH K HcmoiabzoBanmio B anroputme Duoii-
1A cootHomenus (3) U B anroputme Jlannara — cootHomenuit (4) —(7).

AJTOPHTMEL, KOTOPEE PaccMaTPUBAIOTCH B JAHIOM pasfcic (aaro-
PuUTM fBOMHOrO mOMEKA, 0606mennii aaropury Qaofina m oGobmen-
Hyft axropurM J{aHmura), TaxsKe coCTOAT UCRIOIHTENHHO H3 Omepa-
it cnosKeHHs ¥ cpasHenusa. OJHAKO 3TH ONEePaNUH BHIOJIHAITCA He
Hay gucaamy (kax B adropmrtmax [eiikerpsr, Pmofina m Jannura), a




Индивидуальные задания
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YNPAXHERUS

1. Ucmoassyiire amropmrM Jle#KCTDH A TOMCKA KpaTYadmmx NyTe,

pel(yImEX gaﬁsepmxmu 1 B RaKAYI0 APYTYIO BepMUHY, Ha I'pade, B306parkeHHOM
a puc. 3.6.

? % TIpepnooxAM, 9T0 [OCIe BHIOJHeHWA YNpPAKHEeHHSA 1 BH O6HADYXKM-
paeTe, 9TO HPH PACUeTaX CUMTANN OTCYTCTBYOMmEeH nyry (4,2) mauman 1. Mokao
i IPH 9TOM BOCHOAB30BATLCA
yiKe MOJTYIeHHHMA pe3yJbsTaTa-
MI HJII HeOOXORUMO BHOBDL B
moJHOM o0heMe NpPOBECTH BHI-
qiclenus 1o amroparvy ed-
KCTPHI?

3. Hcooibdysa aATOPHTM
dJaolina, HafauTe KpaTdanmmue
DYTH MEERAY BCEMH BePIIMHAMMu
rpada, uso6paskeHHOTO HA
puc. 3.6.

4, UWcmoas3ys  aArOPUTM
Ilagnura, maiiguTe Kpardainie
DyTH MEXAY BCeMH NAapaMu
BeplnuH rpagda, H3o6pameHHOTO
pa pume. 3.6. CpaBHETe HmOXy-
YeHHHWE PEe3YJbTaThl ¢ pPe3yib- Pnc. 3.6.

TATAMH BHIIOJHEHHS WPEXHAY-
mero yOpaKHEHHs! . :

5. Henompaysa o6obmennsil anxroputy (Mioiina, HaignTe OepBHe TPH KpaT-
qafinue OyTH MEKAY BCeME HAapaMy BeplDEH HA rpade, N300payKeHHOM Ha
puc. 3.6. BHIIOJHHTe TO e ¢aMOe, UCIOAb3YH 0506MeHHNH anTopuT™ Jlammura.

6. IlpemmomolkmM, 9TO TMepel BaMu CTOMT 33afjada mailTw kpaTwaiimme Map-
WPYTH TOJETOB MeMXY BCEBOBMOMKHHIMA Napamu adponopros Epponsl. Ilpm
3TOM HEOOXOUMO yUeCTh, UTO H3-3a OTCYTCTBHSA BO3MOMKHOCTH IOIY4YeHHA BHe3/l-
HOI BU3H a5pOULOPTH HEKOTODHIX CTPAH MOTYT GHITH 3aKDHITHL JJIA TeX HJIH HHBIX
naccakEpoB. BriGepnTe mauGomee sdpderTHBEHEIL cmocol pemenus RaHHOH 3a-
Jlaun.

7. Bausaer an Bri€op HyMepanmu Bepmmua rpada Ha 3QGEeKTHBHOCTH AIr0-
purma (Onoiiza, aaroparma Hannura, aaropaTMa fBoHHOro noucka? Ecam pama-
er, T0 moYeMy?

8. B rpage, uzobparxensom ma puc. 3.6, maltgure TPHW HepBHe KpaTdaii-
M¥e OyTH MeRAY BepWHECH 1 W BCeMM OCTAJBHHIMH BepIIUHAMI.

9. IToxamkure, 9T0 HeKOTOpas HEOUTHMAJLHASA CTPOKA OMEHOK MOMKET O0C-
TATBCA HEMaMeHHoIl B Oofmoil MpOCTOil WTepayud AJropATMa JBOIHOTO TOHCKA,
OIHAKO Yike B CIefyiomeil IIPOCTON HTepamul Takas CTPOKA OMEHOK 00f3aTelib-
HO H3MeHHTCH.

10. IIpepmonoknuM, dro o6o0memnsift axropmrv @Jaoiiga OB HCHOTB3O-
BaH A NOTYYeRUA MJEH TPeX HAWJIYUMUX NyTeil MeMKAY BceMu MapaMH BePUIME
B 3a/iade MOUCKA Y3KHX MecT. Kar noaydeEHEe PesyIsTaTsl MOTYT OBITh HCIIOJIb-
30BaHHK [Js OOHCKA CAMHX NyTei?

11, Haxme sHaueEms ciefyeT NPHCBAHBATL KOMIOHEETAaM BeKTOpa dj;
NP PeeHAR 33aXAYM O NYTAX € YCHICHHAMHA?

12, IlycTh ckOpocTM Nepexavxkd® He(PTII MEKAY pAasIHIHBIMH eMKOCTAMMA
vedrenepepabaTHRBALMEr0 3apofa 3agajoTcs clepyomell Tabimmeii:
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EMKocTh A B B r
A 0,00 0,13 0,14 0,15
b 0,08 0,00 0,13 0,08
B 0,17 0,12 0,00 0,18
r 0,10 0,06 0,13 0,00

Haiipute aBa Hawryamux cmocoba mepekauku HedTH u3 eMKOCTH A B e-
KocTh I,

13. IlpegmososuMm, 9TO HOCHE BHIOOJHEHHS BCCX BHIYHCIACHII IO adrg-
PUTMY JABOMHOTO HOWCKA BH ofHApyKuBaere, 4T0 OOHA M3 JIvH Ayr Golia 3afgana
HeBepHO. lIpW RakHUX ycAOBHAX 9acTh MOJYYEHHHIX Pe3YILTATOB MOMeT OKHITp
ocTaBjIeHa 0e3 HU3MeHeHHM?

14, Qapmauesruueckus $upMa IWIAHHPYyeT paspaboTaTh B TeYeHME [Be-
HaqmaTH Mecsdnes HOBHM Hpemapar, KOTOPHH MoOr OBl KOHKYPHDOBaTh ¢ Hpela-
parToM, HelaBHO BHIOYIEHHHM IJaBHAIMH KOHKYDEHTAaMH HAHHOH (HPMEHL.

PaspaGorxa HOBOTO Ipelapara OCYMeCTBIAETCHA B UeThipe 9Tama, KOTOpLIe
MOTYT OHITH HPOiieEH B MeJUIeHHOM, HOPMAXLHOM WIn OblcTpoM Temie. Pasany-
HBl¢ TeMIbl OPOXOH{ICHHA 3TA0B COOTBETCTBYIOT PAas3JUIHWMM YPOBHAM 3aTpat
BPEeMEHU K CPefCTB, KOTOPble 3aKaloTcA caenyiomed tabmaumneil (B Tabanme neppas
oudpa — JIUTEJIBHOCTH B MeCANAX, Bropas nudpa — 3aTpaTthl B THIC. AOJJL):

dranm @ La g
%5 =g =
=) =

85 2 o5

Ta == =

53 &= 20

Temn 55 28 .8

28 o8 o3 [

88 EE EE 3

ISR =5 Oam &1
MepntennmLT 5,5 3, 6 6, 1 5, 8
Ho pManpastit 4, 7 2, 8 4, 1 4, 10
BricTpriit 2, 10 1, 12 2, 3 3, 15

Haligate mammywnuid pas upMeul cmocod paspaboTKH 3a [BeHANIATh MecsleB
HOBOI0 IpenapaTa UpH YCAOBUH, YITO 3aTPATsl PUPMLI He HPEBRICAT 25 TLIC. KOJLI.
Haiigure BTOpO#l Bamiywmuil cmoco0 JOCTHAGEHHA TOH e IeNH.

15. Yupasaswomuit rocruEaneil XoMxen 3aGpOHIDOBATH HOMepa HJIA HOBO-
OpaTHHX Ha ClAefyon(ii mMecAl. OH HoXydmiI ompefielleHHOe KOJNMIECTBO 3aSBOK
Ha OpORWpPOBaHUe C PA3MIHBIMII faTaMu OpHe3la U oThesfa. Hammoe BO3MOIK-
HO¢ OpOHMpPOBaEHe HOMEPOB JaeT IOCTHHUIE ONPefeeHHHI 0XOX, 3aBHCAIIHA
OT TOr0, KeM ABIAITCSA KIHeHTH (CTyHeHTLI, cJAy:Kamue, HIePCOHAT aBHaroMIa-
Huit u T. 1.). Kaxkmym oGpasom B gaunom caygae memombzosars aaroputM Jleifkcr-
pH 1A BepaGoTRM pacHmcamus GpoHWpOBaHHWS HOMEPOB, TPEHOCAINETO TOCTII-
HENE MaKkcUMadbHEE 10X0A? (Vrasanue. IIpefcraBpTe KaKAyIO0 3asABKY Ha 6po-
HUPOBAHA® HOMepa AYroi, coefuEsiomiefl BEpIIMHE, COOTBETCTBYIOIHE aTaM
nmpre3ga U OTHE3AA; B COOTBETCTBYomeM rpade GYyAYT OTCYTCTBOBATL KOHTYPHI,
7 HOTOMY K HeMY MoOjKeT OHIThb IPDUMeHeH aJropurtM [ eiiKCTpHI.)
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